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1. Introduction 

In this paper we prove a general result establishing a priori L p estimates for solutions of Riemann- 
Hilbert Problems (RHP's) in terms of auxiliary information involving an associated "conjugate" problem 
(see Conjugation Lemma 1.39 below). We then use the result to obtain uniform estimates for a RHP (see 
Theorem 1.48) that plays a crucial role in analyzing the long-time behavior of solutions of the perturbed 
nonlinear Schrodinger equation on the line. Theorem 1.48 is proved by combining Conjugation Lemma 
1.39 with the steepest-descent method for RHP's introduced by the authors in [DZ1]. We do not apply 
the steepest-descent method directly to Theorem 1.48. Rather, as explained in the text, we proceed by 
rephrasing Theorem 1.48 as an equivalent inhomogeneous RHP in which the underlying objects M± (see 
Theorem 1.52) have appropriate analyticity properties and can be deformed around the stationary phase 
point much as in the manner of the classical method of stationary-phase/steepest-descent. 

We begin by introducing a variety of definitions and results that arise in the theory of Riemann-Hilbert 
Problems (RHP's). 

Let £ be an oriented contour in C and consider the associated Cauchy operator 

Ch(z) = C E h(z) = I zeC\S. 
J s s — z 2iri 

If we move along the contour in the direction of the orientation, we say, by convention, that the (+)- 
side (resp. (— )-side) lies to the left (resp. right). The following properties and estimates which will be 
used without further comment throughout the text are true for a very general class of contours (see, for 
example, [DS],[Dur]). This class certainly includes contours that are finite unions of smooth curves in C such 
that C \ X has a finite number of components as in Figures 1.35, 1.38 and 3.35 below. 

(1.1) Let h e \dz\), l<p<oo. Then 

CT^hiz)^ lim (Ch)(z') 

z' — >z 
z'6(±)-side of E 

exists as a non-tangential limit for a.e. zeS. 

(1.2) Let h € L p (S, \dz\), 1 < p < oo. Then 

IIC^IMe) < c P ||/i|U P(s) 

for some constant c p . 

(1.3) C± = ±1/2 - H/2, where H is the Hilbert transform 

Hf(z) = RV.[M.*L. 

Jx z - sin 
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By (1.2), for h £ L P (E, \dz\), 1 < p < oo, 

\\Hh\\ L p (i:) < CpWhWLpp) 

for some constant c p . 

(1.4) C+ -C- = 1, 1 <p < oo. 

Let v be a k x fc j«mp matrix on X i.e. w is a measurable map from E — > GL(k, C) with u, € £°°(E 
GL(k,C)). Define the associated singular integral operator 



(1.5) C v h = C~{h{v- 1)) 

acting on L p (E)-matrix- valued functions. Clearly C v is bounded from LP — > L p for all 1 < p < oo. 

Given E and i>, the operator C v is intimately connected with the solution of associated RHP's on E. For 
1 < p < oo, we say that a pair of L p (E)-functions f± £ dC(L p ) if there exists a (unique) function h £ L P (E) 
such that 



(1.6) f±(z) = (C ± h)(z), zeE. 

In turn we call f(z) = Ch(z),z £ C\E, the exiensiow of f ± = C^h £ dC(LP) off E. Observe that if 
F(z) = (Cf)(z) for / £ i p (E) and G(z) = (Cg)(z) for g £ L q (Y,), 1 < p, q < oo, then a simple computation 
shows that if 1/r = l/p+l/q< 1, 

FG(z) - (Ch)(z), 

where 

(1-7) ft = -^((i?/) 5 + /ff S )GL r (S). 

If F = Cf(z) for / £ L P (E), 1 < p < oo, and G is analytic and bounded in C \ E, then 

(1.8) FG(z) = Ch(z), 
where 

(1.9) h = (C+f)G+ - (C-f)G- £ i7(E) 
and G± denote the non-tangential limits (see [Dur]) of G on E. 

Definition 1.10. Inhomogeneous Riemann Hilbert Problem IRHP LP (sec [CG], [DZ5], [DZ7]). Fix 
1 < p < oo. Given E, v and a function F £ L P (E), we say that M± £ dC(L p ) solves an IRHP iP if 



(1.11) M+(z) =M_{z)v(z) + F(z), zeE. 

If M(z) is the extension of M± off E, we see that 

• M(z) is analytic in C\E, 

• M+(z) = M_(z)v(z) + F(z), z £ E, where M ± {z) = lim M(z'), 

z — >z 
a'€(±)-side of S 

• M(z) — ► as z — > oo in any non-tangential direction. 
Remark. 

In [DZ4] and [DZ5], IRHP^p is referred to as an inhomogeneous RHP of type 2, IRHP2£ P . There is also 
the notion of an inhomogeneous RHP of type 1, IRHPl/>. As we only need type 2 in this paper, we simply 
drop the "2" . 

The following relations are basic. 



A PRIORI LP ESTIMATES FOR SOLUTIONS OF RIEMANN-HILBERT PROBLEMS 



3 



Proposition 1.12. 

Let 1 < p < oo. Then 1 — C v is a bijection in L P (S) if and only if IRHP^v has a unique solution for all 
F e L p (S). Moreover if (1 - C^ 1 exists, then for h G L P (S) 

(1.13) (1 - C,,)- 1 /! = (M+ + = (M_ + ft) 

where M± solves IRHP^p with F = h(v — I). Conversely, if M± solves IRHPlp with F G L p (£), i/ien 

(1.14) M+ = ((l-C v )- 1 (C-F))v + F and M_ = (1 - C^CF. 

Suppose v = (v~)~ 1 v + is a factorization of v with v , (v ± )^ 1 G L°°(S, GL(k, C)). Set w + = «+ — /, 
w~ = / — v~ and let w = (w~ , w + ). Define the associated singular integral operator (cf. (1.5)) 

(1.15) C w h = C+(hw-) + C-(hw+) 

acting on L p (£)-matrix- valued function h. Note that for the trivial factorization v = (I)~ 1 v, w = (0,v — I), 
we have C w — C v . 

The following result describes the relation between 1 — C w and 1 — C w > for two different factorizations 
v = (v~)~ 1 v + = (v'~)~ 1 v' + of v. 

Proposition 1.16 (see [Z1],[DZ4], [DZ5]). 

Suppose 1 < p < oo. The operator 1 — C w is bijective in L p (£) for all factorization v = (v~)~ 1 v + = 
(I — w _ ) _1 (7 + w + ), if and only if (1 — C w >) is bijective for at least one factorization v = (v'~)~ 1 v' + = 
(I - w'-)- 1 ^ + w'+). Moreover, for f G L p (£) 

(l-C w )- 1 f=((l-C w ,)- 1 f)b 

where b = v' + (v + )^ 1 = i/ _ («~) _1 . 

Duality. A non-degenerate bilinear pairing for vector functions in L p (£) and £ 9 (£), 1 < p, q < oo, l/p + 
l/q= 1 , is given by 

(1.17) (f,g)= JtT(f(z)g(z) T )dz. 

Using (1.3), we see that with respect to this pairing, the dual operators (C*)' are given by 

(1.18) (C ± )' = -C T 
and 

(1.19) C' v h=(C + h)(I-v T ) = R I _ vT C + h, 

where Ra denotes multiplication on the right by a matrix A. Now 1 — C v is bijective in L p (£) if and only 
if 1 — C' v is bijective in £ 9 (£), 1/p + 1/q = 1, 1 < p, q < oo, and 

(1.20) ||(1 - C v )-*\\l*^l* = ||(1 - C v )- x \\ l ^lp. 

On the other hand, it is well-known that if K and L are bounded linear operators in a Banach space, 
then (see e.g. [D] and the references therein) 1 — KL is invertible if and only if 1 — LK is invertible and 
(l-KL)- 1 = l + K{\- LK)~ 1 L. Setting K — C + and L = #j_„t, we find that 1-C+.Rj_„t is a bijection 
in L«(E) and 

(1.21) (1 - C+Rj^t)- 1 = 1 + C+(l - C v )- X Rl-v-r 
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Observe that (C + Rj_ v r)h = C + h(I — v T ), which is precisely an operator of the form C w in (1.15) above 
corresponding to the jump matrix (v T )^ 1 = (v~)~ 1 v + with w = (w~ ,w + ) = (I — v T , 0). 

We need the following simple facts. If | • | denotes any sub- multiplicative norm on an algebra, \AB\ < \A\\B\, 
then \Id\ > 1 and if A is invertible, 

(1.22) |-4| 1 1 > 1 
and hence 

(1.23) (u)oo = maxdluHoo, ||t> — 1 ||oo) > 1- 

If 1 — C v is invertible in L P (E), then a simple calculation using the identity (1 — (7„) _1 (1 — C v ) — 1, together 
with (1.23), shows that 

(1-24) < c < ||(1 - Cv^Wlp^lp^^oo 

for some constant c = c p independent of v. 

Throughout the text constants c will be used generically. Statements such as ||/|| < 2c(l + e c ) < c, for 
example, should not cause any confusion. 

Normalized RHP. Let E be an oriented contour with associated jump matrix v. Suppose v — I E L P (E) 
for some 1 < p < oo. We say that <f>± solves the normalized RHP (T,,v)lp if <f>± — I € dC(L p ) solves the 
IRHP LP 

(1.25) <j>+ - I = (<j>- - I)v + (v - I) in S 
or equivalently 

(1.26) (f>+ = (j)^v on E. 

If (j)(z) — I is the extension of <f>± — I off E, we see that 

• 4>{z) is analytic in C\E, 

• 4>+{z) = <fi- (z)v(z), z £ E, where 4>±(z) = lim z >^ z <t>(z')- 

z'e(±)-side of S 

• 4>{z) — > I as z — ► oo in any non-tangential direction. 

If 1 — C v is invertible in L p then, by Proposition 1.12, the normalized solution exists, is unique, and is 
given by 

(1.27) <£_ =I+{l-C v )- 1 C-(v-I) 

and hence ||0_ < c||(l - C^Wlp^lp \\v - I\\ LP . Using the relation (1.26) together with (1.23,1.24), 

we then obtain the inequalities 

(1.28) U ± - I\\ LP < c\\(l - C^Wlp^lp^^Wv - I\\ LV . 

As noted above, the operator 1 — C + Rj_ v t associated with the jump matrix (v T )~ 1 is invertible in L 9 (E). 
Let ip± solve the normalized RHP (E,w) L ,, ip + = %jj^{v T y 1 , ip± - I e dC(L q ). As in (1.27), we have 
ip± = I + (1 — C + R i _ v t)~ 1 C + (I — v T ), which leads as above to the bound 

(1-29) \\ip+ - I\\ Lt < c\\(l - C+Rj^t^Wl^Wv - I\\ Lq 

<c||(l-Ci)- 1 || L .^L«<«) 00 ||«- J|| L «, by (1.21), 
= C ||(l-C7 t ,)- 1 || LP ^ LP ( U ) co || U -/|| L ,, by (1.20), 
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which leads in turn to the estimate 

(1-30) ||V- - < 4(1 - CJ^Wl^lpWUv - 

as before. Using the jump relations for <j)± and ip±, we see that ^+0+ = (fy-vv^ 1 ^ = cjy^ip 7 ^. But 
4>±ipl -I = C^/i, where h e L 1 + L p + L«, by (1.7). Hence h = C+h - C~h = 0, and so V± - <P± X - We 
conclude that 

(i.3i) H+ 1 <c|Ki-a)" 1 IU^L P («)cx>||w--r||w 

and 

(1-32) uz 1 - i\\ L <, < 4(1 - c^-'u^^lWv - I\\ Lq . 

Recall that a contour T C C is complete (see e.g. [Z2]) if 
(1.33) 

C\r is a disjoint union of two, possibly disconnected, open regions Q + and f2_, and 

(1.34) 

T may be viewed as the positively oriented boundary for + and also as the 
negatively oriented boundary of 0_. 

Two examples of such contours are T — R and r = KU zR. 







0+ 






0_ 



Figure 1.35 T = R, T = R U zR 

Note that a complete contour T comes equipped with two natural orientations (we may always relabel 
f2± as fizp). Unless stated otherwise, we will always choose one of these orientations for the specification of 
RHP's on T. Note also that if T is complete, then by Cauchy's theorem C + C~ = C~C + = 0, and hence 
by the basic relation C + — C~ = 1, we see that C + and — C~ are complementary projections in L P (T), 
1 < p < oo. 

In this section, we will also consider extended contours r cxt = T U V where 



(1.36) dist(r,r')>0 

(1.37) r cxt is complete. 



Two examples of such extended contours are extensions of R and R U il as in Figure 1.38. 
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Figure i.38 r cxt = rur' 



Given r oxt = TUT', let R and be analytic and bounded matrix functions in C\r ext . As noted above 
following (1.9), R and have non-tangential boundary values almost everywhere on r cxt . We denote the 
boundary values from + by R + ,R^ and from fL_ by R-, RZ 1 - The following Lemma provides bounds 
on ||(1 — C t ,) _1 || i p( r )^ iP ( r ) in terms of auxiliary information involving an associated "conjugate" problem, 
and is the main structural result in this paper. 

Conjugation Lemma 1.39. 

Let 2 < p < oo and let r cxt =rur', i?, R^ 1 be given as above. Let v,v: T — > GL(k, C) be jump matrices 
that are related via 



(1.40) 

Assume in addition that 



v = RZ 1 vR+. 



(1.41) 

Suppose that 



v-I, v-LeL 2 (T). 



(1.42) 
and that 



(1 — Cg) 1 exists in L 2 (T) and also in L P (T) 



(1.43) (1 - Cy)- 1 exists in L 2 {T). 

Then (1 — CV,) -1 exists m L p (r) and 



(1.44) 

where 



11(1 - CV,) l^cn-Lpcr) < cf, 



(1.45) 



cf = c||Ji|Uoc ( c\r« t )||i2- 1 |U«c(c\r« t )||(l - C^U^^Ul - C^h^^L^ 
x ||(1 - C v )-Yl H t^l H tMI(v}UI + \\v- Ih-^ni + \\v- IWl^)) 2 - 



Remark 1.46. 
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(a) The assumption that T and r oxt are complete is not necessary. However, if r cxt is not complete then 
the meaning of R± is not clear and the precise statement of the theorem becomes more complex. Of course, 
any contour can be extended trivially to a complete contour. 

(b) If v,v satisfy all the assumptions in the Conjugation Lemma 1.39, except v is replaced by (v T )~ 1 in 
condition (1.42), then the Conjugation Lemma together with the duality relations given above implies that 
(1 - C^)- 1 exists in L"(r), l/p + 1/q = 1, and 

IKl-ar^rH^r^cf, 

where cf has similar structure to the constant in (1.45). We leave the details to the reader. 

An application of the Conjugation Lemma to PDE's is given in Theorem 1.48 below, as noted at the 
beginning of this section. 

Let H 1 denote the first Sobolev space {/: /, /' e L 2 (R)} and define H{ = H 1 n {/: ||/||l°°(r) < 1}. For 
S = M, oriented from — oo — > oo, consider the 2x2 jump matrix 



where r € H\ and 9 — xz — tz 2 , x,i€R. 
Theorem 1.48. 

Suppose r G Hi, ||r||#i < A, ||r||£,« < p < 1. Then for x,t e M., and for any 2 < p < oo, (1 — C^) -1 exisis 
as a bounded operator in L P (R), and there are constants £\ — £i(p), £2 = tiijp) > (see (3.102) below), and 
a constant c — c(p), such that 



(1-49) || ( i_ a9 )-i||^ iP <^_±^_ 
uniformly for all x, t € M. 

Remark 1.50. Using 1.46(b), one easily verifies that estimate 1.49 remains true for 1 < p < 2. 

Theorem 1.48 plays a crucial role, in particular, in analyzing the long-time behavior of solutions of the 
perturbed NLS equation iq t + q xx - 2\q\ 2 q - e\q\ s q = 0, s > 2 and e > (see [DZ3], [DZ4], [DZ5]). But the 
result is also of independent interest. In the linear case, if b € i°°(R) and (j)(z) is real valued, then by (1.2) 



(1-51) \\C-(fbe^)\\ LP <c||6|| L »||/|| LP , 

where the bound is independent of </>. Theorem (1.48), in which the bound c is independent of the multiplier 
e l9 , should be viewed as a non-linear version of such estimates. Indeed if p is sufficiently small then we can 
expand (1 — C^) -1 in a Neumann series and a bound of the form (1.49), independent of e %e , follows from 
(1.51). 

In view of Proposition 1.12, Theorem 1.48 is equivalent to the following result. 
Theorem 1.52. 

Suppose r € H\, ||r||jji < A, |M|l=° < P < 1- Let E = R and v — vg as in (1.47). Then for x,t GM. and 
for any 2 < p < 00, IRHPlp has a unique solution M± for any F and there exist l\ — l\{p), £2 — £2{p) > 0, 
and a constant c — c(p), such that 



(1-53) ||M ± || LP < C ^^y 2 \\Fhp 

uniformly for all x,t £l. 

This equivalence allows us to prove (1.49) by taking advantage of the analyticity properties of M±. In 
particular, we are able to deform the RHP around the stationary phase point z — x/2t of e l ° , in the spirit of 
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the non-linear steepest — descent method introduced by the authors in [DZ1]. As we will see, this deformation 
plays a crucial role in the analysis. 

(\ -re i6 \~ X ( 1 0\ 
In particular, for the factorization [ 1 j I fe~ ie 1 ' °^ V0 ' 



and it follows that (1 — C„, e ) _1 obeys the same bound as (1 — C Ve ) _1 (cf. (1.49)), 



(1-54) \\(l-C We )-i\\ LP < C(1 ' Xr 



(1 - pf* 

uniformly for all x, t £ R. 
Remark 1.55. 

As we will see in Section 3, a simple argument shows that (1 — Cue) -1 exists as a bounded operator in 
L 2 (R) and satisfies the bound || (1 — C vg )~ 1 \\[ J 2 < c/(l — p), uniformly for x, t £ R. As vg(z) is continuous in 
z, it follows by general Fredholm arguments (cf. [CG]) that for any x and t, (1 — C^)" 1 exists as a bounded 
operator in L P (R) for any 1 < p < oo, but the bound may depend on x and t. The point here is that, by the 
Conjugation Lemma 1.39, for any 1 < p < oo, the bound may be chosen uniformly in x and t, as in (1.49) 
and Remark 1.50. 

The paper is organized as follows. In Section 2 we prove the Conjugation Lemma 1.39). In Section 3 we 
use Lemma 1.39 to prove Theorem 1.48. As noted above, steepest descent methods play a crucial role (see 
[DZ1], [DIZ], [DZ2]). 

Let M± £ dC(LP) solve the IRHP LP(K) , M+ = M_v e + F. If M± = C±/i, set M± = where 

h(z) = h(—z). (Thus M{z) = M(—z) for the extensions of M±, M± off R, respectively.) Then a simple 
computation shows that M± solves the IRHP £P ( R ) M + = M_vg + F, where 

/ l-|r(z)| 2 f(z)e-^ 



and f{z) = r(-z),F(z) = F(-z). As r £ H{, \\f\\ H , = \\r\\ H i, \\r\\ L ~ = \\r\\ L oo, \\F\\ LP = \\F\\ LP , and as 
— 6(— z) = xz + tz 2 , it follows from Proposition 1.12 that we only need to prove Theorem 1.48 for t > 0. In 
the text that follows we will assume that t > without further comment. 

Remark on Notation 1.56. 

If A = (ciij) is an £ x m matrix, it is convenient in the remainder of the paper to fix the matrix norm, 
\A\ = (Y,ij\aij\ 2 )i = (tr A*A)i. We say A(z) = {flij(z)) is in L P (Y) for some contour ScCif each of the 
entries aij(z) £ L P {T) and we define ||^4||lp(e) = II 1^1 IIlp(S)- 

2. Proof of the Conjugation Lemma 

The proof is in steps. 

Step 1. As (1 - C^Y 1 exists in L 2 and L p , and as v - I £ L 2 n L p , it follows from (1.25)(1.14) that <f>±, 
the solution of the normalized RHP (r, v), exists in / + L p n L 2 and 0_ is given by 

(2.1) 0_ = I+{l-Cz)- 1 C-(v-I). 

Now consider the IRHP^p on F 

M+ = M-v + F, M ± £ dC(L p ), F £ L p . 

Then 
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M+0+ 1 = M-^I 1 + F0Z 1 

and by the Plemelj formula, 
Thus we obtain by (1.14), 

(C-(F4>^))^ = M- = (1 - Ca^C-F, 
which implies that (C~(- fiZ 1 ))}- is bounded from LP — > L p and 

(2-2) ||(C-(- ^ 1 ))^|| LP(r) < c||(l - Ce)- 1 !!^^)^^). 

Step 2. As (1 — C„) _1 exists in L 2 , and as t> — I e L 2 , it follows as above that </>±, the solution of the 
normalized RHP (r, v) l 2 exists and <j>- is given by 

(2.3) 0_ =I+(l-C v )- 1 C-(v-I). 
Now let M± solve the IRHP L 2 on T 

(2.4) M + = M_u + G, M± G 5C*(L 2 ) 
with G £ L p D L 2 C L 2 . Then arguing as above, 

M(z) = (C(G0; 1 ))(z)0(z), z e c\r, 

where M(^), 0(z) are the extensions of M±, <p± off T respectively. Write 

G^z 1 = G + G(4>z 1 - 1) e i p (r) + L«(r) 

where | = | + ^ i.e. 1 < q = < 2 < p. But by standard estimates Cr^r' is bounded from L p (T) —> 
LP n L°°(r') for any p' > 1, and hence 

(2.5) IIMH^/) < c||0|Uoo (ro (||G|| iP(r) + iigiu^dII^; 1 - /|U 2(r) ) 

< c(l + ||0+ - /|U 2( r) + 110- - /|U»(r))(l + - /|U 2 (r))||G|| i2(r) 

< c||(l - C 1) )- 1 ||i a( r)^(r)<">L(l + ll« " I\\Ur))\\G\\L H ry 

Here we used the fact that dist(r,r') > to estimate ||0||L°°(r') m terms of \\(f>± — /||i,2(r). 

Step 3. Again consider the IRHP L 2 (2.4). Inserting the relations v = RZ 1: vR + and v = (0_) _1 + , we 
obtain 

(2.6) M+RZ^Z 1 = M-RZ^Z 1 + GRZ 1 ^ 1 on T. 
Once again by the Plemelj formula, on T 

(MiT 1 ^" 1 )- = C r 7 xt ^ r ((M^ 1 0- 1 ) + - (MiT 1 ^" 1 )-) 

= Cr'^riMRl 1 }- 1 - MRZ 1 ^ 1 ) + Cf_ >r (Gi?+ 1 < ^+ 1 ). 
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Here we have used (2.6) and the fact that M and <f) are analytic across V . Thus 



(2.7) M_ = [C T >^r(MR+ 1 &- 1 - MRZ 1 ^ 1 )]4>-R- + (C r ^ r (Gi?; 1 ^ 1 ))0_i?_ =1 + 11. 
Now as dist(r,r') > 0, 

(2.8) WCr^riMR^- 1 - M RZ 1 ^)\\ LPnL ^ ( t) < c|| J R- 1 || z , TO(C \r e3Ct )II^IU-(r')ll^lli-(r')- 
As in Step 2, 

(2-9) Uh^n < c<«)oo|U»(r)||(l - C^U^l^I + \\v- I\\ LHr) ), 

and hence, using (2.5), we obtain 

(2.10) WCr^riMRZ 1 }- 1 - Mi?Z 1 0- 1 )|| LPni oo (r) 

< c||i? _1 ||L-(c\r cxt )(«)oo(w)^ ||(l - C fi ) _1 || L 2 (r) ^ L 2 (r) ||(l - C t ,) _1 |||2 (r) ^ i 2 (r) 
x (1 + - I|| L 2 (r) )(l + \\v- 7||L2 (r) ) 2 ||G|| LP(r) . 

Then 

(2.11) ||I|| LP(r) < WCr^riMR- 1 ^ 1 - Mi?: 1 ^- 1 )|| LPni oo (r) || J R|| i =o(l + ||(1 - C^)- l \\ L ^ LV \\v - I\\ LP ) 
and, by (2.2), 

(2.12) l|n|U P( r) < c||(l - C«)- 1 |U f , ( r)^L P (r ) ||i?lkoo|| J R- 1 || i oo||G|| LP 

which yields an L P (T) bound for M_. 

Finally, from (1.13), (1 -C^F = M_+F, where M± solve IRHP L 2 with G = F(v-I). For F e L P HL 2 , 
and hence G E L p n L 2 , we then obtain from (2.11)(2.12), together with (1.23,1.24) and their analogs for v, 
and also the interpolation estimate \\v — I\\lp < c(\\v — + \\v — I\\l 2 ) < c(u) (X) (l + \\v — /||l 2 )> a bound of 
the form ||(1 - C v y 1 F\\ LP{r) < c*\\F || LP(r) with c* as in (1.45). The result then follows by density. □ 

The constant cf in (1.44) depends on T and T' and the distance dist(r, T') between them. We are 
interested in particular in applying the Conjugation Lemma 1.39 for contours of the type that appear in 
Figure 1.38. For such contours it is easy to show that for 1 < q < p < oo, 

(2-13) l|C ± || L < ! ( S ')^ LP ( S ), ||C ,± || i «( E )^ LP ( E /) < —j — -. 

(dist r,r')«~* 

We are particularly interested in the case where dist(r,r') is bounded, say dist(r, T') < 1. Keeping track of 
the constants, and using dist(r, T') < 1, we see that the constant c in (2.5) should be replaced by c/dist(r, IT"), 
and that c in (2.10) should be replaced by c/(dist(r, r')) 3 / 2+1 / p . It follows that in (1.44) we should replace 



(2.14) 

in the case dist(r,r') < 1. 



c* ^ c f/(dist(r,r')) 3 / 2+1 / p 
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3. Proof of Theorem 1.48 



Notational Remark. In this section all jump matrices v are 2x2 with determinant 1. Thus if v 



a b 
c dl' 



then v 1 = ^ ^ c ■ I* f°ll° ws that we can replace («)<» by IMU 00 i n au the estimates in Section 2, 

and in particular, in (1.45). We will make this replacement systematically in this section without further 
comment. 

As indicated in Remark 1.55, the proof of Theorem 1.48 in the case p = 2 follows by a simple argument. 
Indeed for the operator C Wf) in (1.54), where 



we = (w g ,w+) = ((0 ) > ( 

we have for h = (/iij)i<i,j<2 ; 



re l0 \ ( 
-fe- lB 



C we h 



C-(-h 12 fe- te ) C + (h lir e w ) 
C-(-h 22 fe-* e ) C+(h 21 re M ) 



But under Fourier transform C + (resp. — C~) is just multiplication by the characteristic function of (0, 00) 
(resp. (—oo,0)) and hence ||C ± ||l2( R ) = 1. Thus (recall Remark on Notation 1.56), ||C U)s /i||l2 < |H|l°° ||/i|| L 2 
and hence \\C We \\ L 2 < ||r||i,oo. Thus for HrHoo < p < 1, it follows that (1 — C,^) -1 , and hence (1 — C^) -1 
(use (1.16)), exist and arc uniformly bounded in L 2 (M) for all i,ieM, 



(34) ||(1 -C we ) 1 ||l2 (r) _ >r , ||(1 -C ve ) 1 ||l2(e)^l2 (r) < - 

Note that the bound depends only on p and not on the H 1 norm of r. 

We now give a second proof of (3.1) by a more general method that will be useful at various points in the 
calculations that follow. 

Proposition 3.2. 

,|2 



Suppose r € i°°(M) and \\rWoe < p < 1. Let v = ^ _ ^ j, and let C v be the associated Cauchy 
operator as in (1.5). Then (1 — C^) -1 exists in L 2 (M.) and 

(3-3) ||(1 - C t ,) _1 || i 2 (R )^ L 2 (R ) < 1 ■ 

Proof. 

Assume first that (1 - Cy)- 1 exists. Then by (1.11), (1 - Cy)- 1 / = (M_ + /) for / e L 2 , where M solves 
the IRHP L 2, M + = M-v + f(v - 1), M± e dC(L 2 ). Now by a simple contour argument 

f M„{z)M* + {z)dz = Q, 
Jr 

and hence 

f M_{z)v*{z)M*_{z)dz = [ M_(z)(I - v*{z))f*{z)dz. 

JR JR 

Taking conjugates and adding we obtain 
(3.4) f M_{z){v{z)+v*{z))M*_{z)dz= [ [M_(z)(/ - v* (z))f* (z) + f(z)(I - v{z))M*_{z)]dz. 

JR JR 
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But v(z)+v(z)* = 2 '^ Z -" ®j, and it then follows directly from (3.4) that ||M_|| L 2 < j^Wfh^ 

which implies in turn the bound (3.3) for (1 — C„) _1 . Set r 7 = jr, < 7 < 1. We have w 7 — I = 

/_ 2| r |2 \ 

I __U q J and hence 1 — C Vy = 1 — C(-(w 7 — /)) is invcrtible for small 7. However ||r 7 ||x,oo < p for 

all < 7 < 1, and hence (1 — C„ ) _1 must satisfy the bound (3.3) whenever it exists. By an elementary 
continuity argument it then follows that (1 — C^) -1 exists and satisfies (3.3) for all < 7 < 1. □ 

In order to control (1 — C ve )~ Y in LP, 2 < p < 00, uniformly for x,t G R, we must control the solution 
M± of the IRHP^p with jump matrix vg. Following the steepest descent method introduced in [DZ1], and 
applied to the NLS equation in [DIZ], [DZ2], we expect the IRHPi? to "localize" near the stationary phase 
point z = x/2t for 9 = xz — tz 2 , 0'{zq) = 0. Furthermore, the signature table for Re i6 



Re i6 < 


Re ie > 






Re i6 > 


Reid < 



Figure 3.5. Signature table for Re iO 



should play a crucial role. The basic idea of the method is to deform the contour r = R so that the 
exponential factors e t6 and e~ t6 are exponentially decreasing, as dictated by Figure 3.5. In order to make 
these deformations we must separate the factors e %e and e~ %e algebraically, and this is done using the 
upper/lower and lower/upper factorizations of vg, 

The upper/lower factorization is appropriate for z > z and the lower/upper factorization is appropriate 
for z < zo- The diagonal terms in the lower/upper factorization can be removed by conjugating vg, 

(3.7) vg = 5^_ 3 vg5+ a3 , CT 3 — ^l) = ^ird Pauli matrix, 

by the solution S± of the scalar, normalized RHP (R_ + z , 1 — |r| 2 ) £ 2, 



f5+=^(l-|r| 2 ), zeR-+z a , 

[6 -*> \5±-iedC{L 2 ), 

where the contour R_ + z is oriented from — 00 to z - The properties of S can be read off from the following 
elementary proposition, whose proof is left to the reader. 

Proposition 3.9. 

Suppose r G L°°(M.) n L 2 (R) and ||r||i,oo < p < 1. Then the solution S± of the scalar normalized RHP 
(3.8) exists and is unique and is given by the formula 

(3.10) 5±(z) =e s -+*° s 1 1 = e 2 '" J -~ , z G R. 



The extension S of 8± off R_ + z is given by 
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(3.11) 5(z) = e c *-+*o i° S (i-M 2 ) = e ^ 11°. '° s(1 7l? )l z e C \(R_ + z ), 

and satisfies for z G C\(M_ + z ), 



(3.12) <5(z)(5(z) = 1, 

(3.13) (1 - p)* < (1 - p 2 )^ < l^ 1 ^)! < (1 - p 2 )^ < (1 - 
and 

(3.14) l^ 1 ^)! < 1 /or ±imz>0. 
For real z, 

(3.15) |5 + (z)(5_(z)| = 1 and, in particular, \S(z)\ = 1 for z > z , 

(3.16) \S+(z)\ = \SZ 1 (z)\ = (l-\r(z)\ 2 )K z < z , 
and 

(3.17) A = 5 + 5- = e~^ RV ' ~* ds , where P.V. denotes the principal value. 
Also |A| = \S+S-\ = 1 

(3.18) \\ S± -i\\ < r -tk±. 

1 — p 

We obtain the following factorization for vg 

m - — l- A re ie o" 2 \ / 1 0\ 

( 3 - 19 ) ue = u 9 _u8+=l 1 I ( _ fe _»e J _2 J, ^>^o, 

(3.20) v e = Vg}v 8+ = ( -re\z> ^V 1 ^w), z<z . 

\ l-\r\* V \0 1 / 

Using Figure 3.5 we observe the crucial fact that the analytic continuations to C + of the exponentials in 
the factors on the right in (3.19) and (3.20), are exponentially decreasing, and the same is true for the 
exponentials on the left, when continued to C_. 

For later reference, observe that (3.20) can also be written in the form 

(3-21) v e =^_ fe _ ie6 . 1§zl 1 ){ Q 1 j, z<z . 

Now clearly 



M± solves IRHP i 2(R, with inhomogeneous term F 

<^> 

M± = M±5'± solves IRHP iP with inhomogeneous term F = F5+ 3 

and so to control (1 — (7„ e ) _1 , it is sufficient to control (1 — Cb 9 ) _1 . 

The LP bound on (1 — Cg 9 ) _1 , and hence on (1 — C ve )~ x , in the general case will be inferred eventually 
from the following model problem, with the aid of the Conjugation Lemma 1.39. 

(3.22) Model Problem: 

(i) Suppose x = so that z a = and 9 = —tz 2 

(ii) r(z) = ^gl, where |r(0)| < p < 1. 
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Proposition 3.23. 

Let < (3 < 1/2. Then for the model problem 



(3.24) 



(1 - Cg e ) < jy 



2 < p < oo, 



(l- p )2+5/3' 

w/iere c zs independent oft > and p < 1, and depends only on j3 on p. 

We will prove this Proposition in a series of steps. Let S± denote the solution of the scalar normalized 
RHP (3.8) for the model r in (3.22). 

Step 1 (analytic continuations). Observe that for r = and z < 0, S + S_ = = ^2 +1 _| r (o)|2 » 

2_j./l3|7(0)|2 

and so h= — ■— ^===<$ + £_ has an analytic continuation from R_ to C + . For z < 0, \h(z)\ < 1 by (3.15), 

and for z > 0, |/i(z)| < < j=pZ, again by (3.15). By a standard Phragmen-Lindelof argument we 

conclude that 



(3.25) |(M-)(*)I < 

for z G C+, < argz < ■ 
from R_ to C_ satisfying 



z + iv /i-K0)l 2 



(i-p 2 ) 1 - 



z- iv /i-IK0)l 2 

for z G C+, < argz < ir. It follows that (<5 + <5_) _1 (z) = (<S + <$_)(z), z < 0, has an analytic continuation 



(3.26) 



\(S + 6-)-Hz)\ < 



z- yi-|r(0)| 2 



z + iv /i-k(o)l 2 (i-p 2 ) 1+= ^ 

for — 7T < argz < 0. Also the analytic continuations of <5(z)~ 2 , 5{z) 2 to C+, C_ respectively satisfy the 
bounds 



(3.27) 
and 



\S(zY 



< 



1 



(l-P 2 )'- 



z e C+, < argz < n, 



(3.28) 



|<5(z) 2 |<(l- P 2 ) ; 



z E C_, — 7r < argz < 0. 



It follows that vg + and in (3.19) and (3.21), have analytic continuations to C+ and C_ respectively, 
where they satisfy the bounds (0 < [3 < \) 



(3.29) 
(3.30) 



\ve+{z)-I\ < 
\ve-(z)-I\< 



{i-pY 

c 

0~W 



for z e C + , arg z = f3n or tt — f3n, 
for z e C_ , arg z = — /3n or — 7r + /?7r, 



as indicated in Figure 3.31 
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Figure 3.31. Bounds for the continuations of vg±. 
The constants c in (3.30) are independent of p and t > 0. 

Step 2 (scaling and augmentation). It is convenient to scale the RHP as follows: 

(3.32) ifc ->«*(*)= v e (z/^i) = e- iz2ada v(z/Vi). 

If S t denotes the scaling operator S t f(z) = t~ ^ f (z / \/t) , then St is an isometry from L P (R) onto L P (M) and 

1 „_i / 1 



(3.33) 



1-C„ 



sr 1 



1 Cy t 



and hence to prove (3.24) it is enough to replace vg with v t . We denote the associated factors of v t by v t ± 
and as the bounds in (3.29) (3.30) are unaffected by scaling, they remain true for v t ± for all t > 0. 
Consider the IRHP L p on T = E, 



(3.34) 



Extend (3.34) trivially to the augmented contour T in Figure 3.35 with an opening angle /3n as in Figure 
3.31 




Figure 3.35. Augmented contour T. 



by setting 



(3.36) v t = I, F = on T/R. 

Clearly the extension M of M± off R satisfies the augmented IRHP L p 



(3.37) 
Set 



M+ = M_w t + F on T. 



(3.38) 
and define 



$ = / in ri 
$ = in fl± 



(3.39) 
Note that 



v = $_u t <l> + 1 on T. 



(3.40) v = I on R. 

Step 3. (Bound for (1 — Cv) _1 in L 2 (r)). We prove the following Lemma. 
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Lemma 3.41. 



(3.42) ||(1 -a,)- 1 !!™^™ < 



where c is independent of p < 1 and t > 0. 



Proof. 

Using the properties of <5 in Proposition 3.9, one sees from (3.19) and (3.21) that v t has the form 
" J on M + and ( ^ ^ , 2 J on R_ for some function a with ||a|| £ =o( R ) < p for all t > 0, 



—a 



and it follows then from (the proof of) Proposition 3.2 that (1 — C$ t ) 1 exists in L 2 (R) and 



(3-43) ||(1 -CgJ ^ ||l, 2 (R)— >l 2 (r) < 1 _ , 

where c is independent of t > 0. Now consider the equation (1 — Cy t )f — g in L 2 of the augmented contour 
T. As v t = I on T\M, this reduces on R C T to the equation (1 - C~ (• (v t - /))(/ t M) = (g \ R) so that 
/ r R = (1 - Cv t )J (R) ^ L2m (g \ R). But then for z e T\R, /(*) - (C R ((/ t R)(«t - /)))(*) + ff(*)> and 
hence ||/||z,2 (r \ R) < ^HsH^r) by (3.43), which thereby extends to T, 

(3-44) IKl-^)- 1 !!^^)^^) < 

where again c is independent of t > 0. 
Finally consider the IRHP L 2 on T, 



(3.45) M+ = M_v + F(v- 1), F e L 2 (T). 

By (3.39), M+$+ = M_$_v t + F(v - /)$+, and so by (1.14), 



\\M-\\ LHr) < ||(1 - CflJ- 1 ^-^^ - J^II^Dll^llLoocr) 

<c||(l-C, t )- 1 || i ^ L2 ||F|| i2 ||t)-/|| L »||$ + || LTO ||$: 1 ||^ 

by (3.38), (3.40), (3.29), (3.30), and (3.43). But then (3.42) follows from (1.13). □ 

Step 4 (Bound for (1 - C^)" 1 in L p ). As (1 - C^)" 1 exists in L 2 (T), we know that the IRHP L 2 (3.37) 
has a solution M± e dC(L 2 (T)) for F e L P (~]L 2 C L 2 (r). Inserting (3.39) into (3.37) for such F e L p nL 2 (r), 
and using (1.14), we see that 

(3.46) M-&Z 1 =C-(F^l 1 ) + {l-C {j y 1 C {j (C-(F^ 1 ))=l + ll. 

Now 



(3.47) 



|II|| i2(r) ^clKl-Cflr^li^llfi-Zll^HFIIipll^^llio 



< 



(1-P) 



1+5/3 



||F|| L p, 1/*/ + 1/p = 1/2, 
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where we have used (3.38)-(3.40), (3.29), (3.30), together with (3.42). Note that the exponential factors 
e are suitably disposed with respect to the signature table in Figure 3.5 and play an essential role in 
ensuring that the LP norm of v — I is bounded uniformly in t. This fact is at the heart of the utility of 
the steepest descent method in proving the uniform L p bounds on (1 — Cg t ) _1 , and hence, eventually, the 
desired L p bounds on (1 — C^) -1 . 

Write II = C C (C- (F&- 1 )) + C II. Since v = I on R, wc obtain by (3.47) 



(3.48) ||II|U P ( R )\ hM] ) < ^—^\\F\\ LP{r) + {1 _ p)1+60 \\F\\ LP{r) < (1 _ p)1+6/3 ll*1U* 



But 



(3.49) 



|i||lp(r) < 



{1-pf 



\\F\\l» 



and hence from (3.46) 



(3.50) 



\\M_\\ LP{m _ hl]) < (1 _ p)1+6/? ||J'IU>(r) 



as ||^_ ||z,oo (K) < c. 

It remains to estimate H-M-Hz^-i,!)- Write Vt in the form w t = 



l n 
o 1 



\ ° where 
-r t 1 / t+ 



r t {z) — e %z r(z/y/i), 5t{z) — 6(z/\/t). Inserting this factorization into (3.34), we obtain on 



(3.51) 



' 1 



1 

'+U 11 ■ 



From the explicit form of r in (3.22) we see that M + 5°+ ^ ^ J has an analytic continuation to C + , and 

M-S^l ^ has an analytic continuation to C_. Denote these continuations by N in C\R. By Cauchy's 

formula for \z\ < 2, z ^ R, we obtain from (3.51) 



(3.52) 



Thus 



N(z) 



N(s) ds 
s — z 2iri 



H=2 



^W-W(^) \j ds 
n s — z 2iri 



(3.53) 



< 



LP (-1,1) 



N(s) ds 



s - 2m 



1-1=2 



+ c ll ( 5t+llL~(R)II^IUp(R)- 



LP(-1,1) 



Now from (3.46), (3.47), (3.49), we have M_ = I' + H', where 



(3.54) 



c c 
:|I ''I LP ( R ) - (1 - p^ll^H^W' H n "IU p (R) ^ (! _ ^1+5/3 II^H^W' 
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and using (3.34) we also obtain M + = 1° + II , where 

(3-55) I|I°I|lp(r) < (fZ^9 H F Hi p (R)' ll n °IU 2 (R) < (i _ p y + w W F \\L*(m- 

But then using the Cauchy formula M{z) — (C(M + — M_))(z), we can write N as a sum of two parts, 
I^+II^, and 



liY ||LP(|z|=2) < — 7^-t\\ F \\lp(R), 



C 



111^1^2(1^=2) < — ^ 5/3+3/2 \\F\\ LP( 



The extra factor 1/2 comes from (3.13), whereas vt and rt are uniformly bounded in C+ and C_ respectively, 
for alH > 0. Inserting these bounds in (3.53) we obtain 



l^-IUn-i.D < {l _ c p)1/2 ( { i^ p) i/2 + (T— ^w) H F I 



LP 



< 



LLP- 



(i - P y+w 1 

Together with (3.50), this implies 

(3-56) ||M_|| LP(R) < {1 _ C p)2+5p \\F\\ L * 

as 1 + 6/3 < 2 + 5/3 for /3 < \ < 1. As before, the same bound is true for all F e L P (R), by density. Finally, 
by (1.13) and (3.33), this completes the proof of Proposition (3.23). 

We now consider the general case where r e Hi, \\r\\ H i < A, HrHoo < p < 1. We also continue to assume 
that x = 0, and hence zq = and = — tz 2 . 

Given r in H I as above, define 

(3.57) r*(z) = 



1 + iz 



Then corresponds to a model problem of the form (3.22) (ii) with |r^(0)| = |r(0)| < p < 1, for which 
Proposition 3.23 applies. Let <5, <5 # be the solution of the scalar normalized RHP's (3.8) associated with r, r# 
respectively. Set 



(3.58) 5 1 = 6(S#)- 1 . 

Then <5i solves the scalar normalized RHP with jump 



l- M 2 

(3.59) S 1+ = 6!- 1 _^ 2 on M_ . 

By (3.19), (3.20), (3.21), the jump matrix vt associated with r # has the form 
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„# / 1 r#e* e 5# 2 \ ( 1 0\ 

( 3 - 6 °) 4 = n 1 _.#„-^#-2 i . z > 0, 



1 J ^-f^e- 1 ^*- 2 1 

(3.61) «? = (^;z! ,)(J -i-r) 

= (^_ r -# e -i^#-^#-i i J i J' z<0 - 

Set vi = S^ivfS^ 3 and consider the IRHP LP 

(3.62) M+ = M-Vi + F(vi -I), Fe L P (K). 
Using (1.14), we obtain 

M_ = [(1 - C if )- 1 C-(F(6r_v* 5%.))]6Z?>. 
Then by (3.24) and Proposition 3.9, 

\\M_\\ LP < c\\(l C if )-^ L ^ L 4F\\ LP (\\6?_\\ L ~ + 11^11^)11^11^ < (1 _p )3+B g 
and hence by (1.13) 

(3-63) \\{l-C Vl )- x \\ L ^ L * < — 

. p)3+5/3 ' 2 < p < OO. 

T, tl . u ^ r f l-|r#| 2 r#e^S 2 \ . n , / r#M-e w ' lr . 

furthermore has the torm I _ # _ ie ' 2 I tor z > and i- l r l .„ | tor 

\—reo l y y-f # 5l <5^ i 



n-^e-* 9 1 - Irl 2 



z < 0. Hence by (the proof of) Proposition 3.2, 



(3.64) iKi-aj-'iu^ < 



c 



1-P 

Note that for z > 0, wi can be written in the form 



to ( 9 g(r* ~r)e i6 8 2 \ „ / <? 

and for z < 



(3.66) vi = ( fL-^-U-i „-i ) «e 



where 



(3.67) 9 ^={ \X(z)f y f ° r Z< °' 

= 1 for z > 0, 
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and vq = d^vgS^ 3 as in (3.7). 

Extend v\ to the complete, oriented contour r = R U il on the RHS of Figure 1.35, by setting 

(3.68) v e (z) = v 1 (z), z>0 

= v^ 1 (z), z<0 
= I, z£ iR. 

The following fact is simple to prove (cf. [DZ4], [DZ5]). Suppose £ is an oriented contour in C with 
associated jump matrix v, and suppose we reverse the orientation on some subset E' C £. Denote the new 
contour by £ and set v = v on £\£', v = v^ 1 on £'. Then the operators C« and C v on L p (£) and L p (£) 
respectively, 1 < p < oo, are the same i.e. C$f = C v f for all / e i p (£) = L p (£). Together with the fact 
that v e = I on T\M, this implies by (3.63), (3.64) that 



(3.69) 
and 



(1 - C v e) 1 \\ L P(T) < U 



2 < p < oo, 



(3-70) ||(i_ a .)-i|| L2(r) <_£_ 
for some constants c. 

Let ilj = {z: (j — 1)| < argz < jf }, 1 < j < 4, denote the four components of C\r with oriented 
boundaries 



Ei = {+2oo — > — > +00} 
£ 2 = {+200 — > — > —00} 
£ 3 = {—zoo — > — > —00} 
£4 = {— ioo — > — > +00} 

respectively. Note that in the notation of Figure 1.35, + = Qi U fi 3 and fi_ = fl 2 U f^. Set 



(3.71) 



"2(2) = z > 0, 

= w^ 1 (z), z < 0, 
= 7, ze iR. 



With this notation, we have 



(3.72) 
where 



v e =G-v 2 G+ 



(3.73) 



67+ = G\ on Ei, 

1 o s 

1, 

9 



G 1 (z) 



z e 



-g{r* - f)e- l0 5 



iSx-2 



z > 0, 
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(3.74) 



G+ = G 3 on E 3 , 

1 o s 

1 



G 3 (z) 



z e 



-i 



9- 
-i( r # -f^-iOs^SZ 1 g 



z < 0, 



(3.75) 



G_ = G 2 on S 2 , 



G 2 (z) = 



z e 



1 
1 

5" 1 -g~\r* -r)e i6 5+5- 
5 



z < 0, 



and 




Note that ||G±|| L «» ( r) < (1 ^ )1/2 - 

Now extend T to the complete, oriented contour r oxt = T U T' on the RHS of Figure 1.38. Choosing 
dist(r, T') < 1 sufficiently small, we will show how to construct an invertible matrix function H with H 
and H^ 1 analytic and bounded in C\r cx t, such that H± — G± is as small as desired on T. Here H± denote 
the boundary values of H{z) on T from Q± respectively (cf. Figure 1.38). It then follows by perturbation 
theory that the bounds (3.69), (3.70) remain true for the Cauchy operator with v e — G_v 2 G + replaced by 
v H = H-v 2 H + . But then as H is piecewise analytic, it follows by the Conjugation Lemma 1.39 that similar 
bounds are true for v 2 , and hence for v$, and hence for v$, as desired. 

We will show how to construct H = H(z) in £1 2 . The construction of H in ^1,^3 and ^4 is similar and 
left to the reader. As above, r e H\, \\r\\ H i < A, ||r||ioo < p < 1. 

Set g(z) = 1 on iR + . Note that with this definition (cf. (3.67)) g(z) is continuous on £ 2 . Note also that 
the same is true for the function which equals — ,g _1 (r# — r)5 + 5- on M_ and equals zero on iR + . For some 
constant c, any < e < 1, and 7 > satisfying 



(3.77, ^< C ~^, 

we construct functions H 2 , h 2 with the following properties: 
(3.78) 

(i) ||ff 2 - ff3 -<r CT3 IUoo (E2) < £ 

(ii) H 2 {z) — > 1 as z —* 00 in S 2 

(iii) \\Hp-I\\ L ^ 2) < ^ 

(iv) i?2 3 is analytic in £2,7 — {z: dist(z, S 2 ) < ^} and H-ff^ 3 \\l^(y, 2 7 ) < 

(i) ' ||/i2|U~(« + ) + ||/i2 - {~9~ l {r* - r)<M-)IU°°(K-) < e 

(ii) ' /i 2 (z) — > as z — > 00 in E 2 

(hi)' ||Ml*(E 2 ) < 7CT^ 
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(iv)' h 2 is analytic in S 2 , 7 and \\h 2 \\ L ^(T, 2rl ) < (i_p)i/ 2 - 
Define H 2 as follows. For z e £2, 



(3.79) H 2 (z) = -J^g(a)(^- 



ds 

k s- (z + 7e 3 " r /4) s - (2 - 7 e 3i7r / 4 ) 7 2?ri' 
Using the fact that 1 = - / Ea ( S _ (z+7 U/^) ~ 7=^=^717) 3S> we obtain 



(3.80) |ff 2 (*)- fl (*)|< 



s 2 



(s — z) 2 + Z7 2 | 7T ' 



and inserting the estimate \g(s) — g(z)\ < \s — z\ 1 ^ 2 \\g'\\L 2 (s._) for s, z e £ 2 , we arrive at the estimate 
\H 2 (z) - .9(2)1 < <y7||g'|| L 2( R _). A simple calculation yields ||.9'||l 2 (r_) < (1 _p )3 /2 and nence 

(3-81) ||H 2 -g|U~( S2) < (1 C ^)3/2 - 

Using the fact that \g(z)\ > y/l — p on £ 2 , a straightforward calculation shows that if we choose 7 > such 
that 

(3 ' 82) (l_ p) 5/2 < £ < !' 

then |ff 2 (z)| > 5V 1 - P and 

(3-83) \\H^-g^\\ L ^ 2) <^=\\I\\=s 



(recall Remark 1.56), which proves (i). The proof of (ii) is elementary and replacing g(z) by 1 in (3.80) we 
obtain by a standard calculation the bound \\H 2 — 1||l 2 (e 2 ) < c \\g — 1||l 2 (s 2 )- But then direct estimation 
shows that \\g — 1||l 2 (e 2 ) < A/^/l — p and so using the above fact that |i?2(-2)| > — p, we obtain (iii), 

(3-84) ||^3_ 7 | U2(E2) <_£^_. 



Finally, it is clear from (3.79) that H 2 (z) extends to an analytic function in £2,7, and inserting z + /ie j37r / 2 , 

(l-p) 3 /2 



< p < we obtain as before the bound \H 2 (z + pe i37r / 4 ) — g(z)\ < c v / 7 f\\g'\\ L 2^ m _- ) < 7^^372 f° r z € ^2- 



Using (3.83) this then leads to (iv), 

(3-85) WS\\l-^< (1 _ C p)1/2 

as desired. 

We now construct /i 2 . Define 6 on £ 2 by b(s) = for s € iK+ and 6(s) = (r — r # )<7 _1 A(s) for s e M_, 
where A = as in (3.17). For z e £ 2 , set 



(3.86) 



+ 7 e i3,r / 4 ) s - (2 - 7e i37r / 4 ) / 2iri ' 



ds 
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As above, we obtain \\h 2 — &||l oo (e 2 ) ^ CV^H^'IU^R-)- Now f° r z < 0, b' = (r' — (r&)')g 1 A + 
(r - r#)(g- 1 YA + (r - r#)g- 1 A' = I + II + III. Clearly ||I|| L 2 ( 



< 



same structure we obtain as above \\(g 1 )'\\l 2 (R- 
(3.10), (3.17), A = e - ff (( 1 °g( 1 -IH 2 ))x R _) j wherc H 
characteristic function for M_ . Hence 

A'(z) = -A(z)^i?((log(l-|r| 2 )) XR J : 



< 



and 



so ||II|| L 2( R _) < (1 _ c p)3/2 



As g and g 1 have the 
Now from 



(1-/9)3/2 

(C + + C~) is the Hilbcrt transform and is the 



A(z)H 



iAlog(l- |r(0)| 2 ) 



Using the L 2 mapping properties of H (see (1.1) (ii)), the identity |A| = 1, and the elementary bound 



Thus ||III|| L2 



| log(l - |r(0)| 2 )| < r^T, we see that |A'(z)| < I' + IF where ||I'|| L 2 < ^ and \ll'(z)\ < T ^^, z < 0. 

cA 



-) - (1-p) 3 / 2 



/I=p 1-p 



TT 



L 2 ( 



. But then by Hardy's inequality, 



TT 



< 



(1-p) 3 / 2 



< 



L 2 (R„) 

(1 _ c p A )3/2 ■ Choosing 

Cv ^ A < e, we obtain (i)'. The proof of (ii)' is immediate and as ||/i2||l 2 (£ 2 ) — c| | £»| | z. 2 (s 2 ) — cA 



2||r' - (r#)'|U2 (R _) < 4A, and so < 



, and hence ||6'||l 2 



(1-p) 3 / 2 - °' "~ V.V • ±— — V"/ ilJ — «« || '^|| X,^2J 2 ; — -|l" II 1^(2.2.1 — /I^' 

we obtain (iii)'. Again it is clear from (3.86) that h 2 (z) extends to an analytic function in £2,7, and inserting 
z + /ie l37r / 4 , -\ < (i < 2, we see that \h 2 {z + fie l37T ^)\ < c||6|| L o= (S2 ) < -^=. This proves (iv)'. Adjusting 

the constants c at various points in the above construction, we see that for < e < 1 and 7 as in (3.77) we 
have obtained H 2 , h 2 with the desired properties (3.78). 

Define H as a piecewise analytic matrix function in 2 as follows: For z e Q 2 n £2,7 C (sec cf. 
Figure 1.38) we set 



(3.87) H{z) = 

and for z G f^2\S 27 C fi+ (cf. Figure 1.38) we set 



H^\z) h 2 {z)e 







it) 



H 2 (z) 



(3.88) 



(z) = /. 



Similar constructions taking into account the triangularity of G± (sec (3.73), (3.74), (3.76)) yield H in f2i, 
and f^4 respectively: the details are left to the reader. We obtain an invertible matrix valued function H 
on C\r oxt with the following properties for some constant c > 0, and 



(3.89) 

(3.90) 
(3.91) 



0< (T^ <£<1 ' 

H{z) is analytic and bounded in C\r oxt , \\H ±l || C \r oxt < ^ _ p)i/2 ' 
||i?± - G±||z,°°(r) < e, 



where H± denote the boundary values of if (z) on the oriented contour V C r cx t- 



(3.92) if (z) — > f uniformly as z — > 00 in C\r oxt and 

cA 

||-ff± - f|U 2 (r), ||ff± -f||z,2 (r) < t— • 



Note that in deriving these properties the signature table for Re i6 in Figure 3.5 plays a crucial role. 

(l-p)-V 2 



Now if n c ^L A - 2 < e, then 
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(3.93) \\v H - v e \\ L ~ (r) = \\H_v 2 H+ - G-v 2 G+\\ L ~ {r) 



ce .. ., ce 
< ll^2lU°°(r) < 



VT—p"^ { '>-VT—p 
by (3.71), (3.19), and (3.21). Thus for 2 < p < oo, by (3.69), 

IK,* - v*)(i - ae)-|| LP(r) ^ P(r) < _^L= • Ir -^ w < \ 

if £ < c(l - p) 7 / 2 +^. Thus if 

(3.94) ^ < £(l^. c(1 _ ())W « = £(lz|)!!!!, 

we see by the second resolvent identity that (1 — C^ff) -1 exists in L P (T) and 



c 



(3-95) ||(1-CV) 1 \\ L p(r)^Lf(r) < ( 1 _ /9 )3+5/?- 

Similarly for 7 satisfying (3.94) (adjust c if necessary) we have from (3.70) 

(3.96) IKl-cVriU^D^r) < 



(1-P) 



We are now in a position to apply the Conjugation Lemma 1.39. In C\r ext (see Figure 1.38), set 
R(z) = H-^z) for z e n + and R{z) = H(z) for z e Then v 2 = RZ 1 v H R + . Clearly R{z) is an- 

alytic and invcrtiblc in C\r oxt and ||-R||z,=°(c\r oxt ), 1 1 1 1 1 (c\r 03Ct ) < (1 _^i/2 - As in (3.43), we have 
||(1 — C« () ) _1 || i 2( R ) < y^— , and taking into account the discussion preceding (3.69), (3.70), we obtain 

iia-aj-^u^r) < i^- ai so ihiu»(r) < c, ii« h Hl» < i^, ik-Ji^n < a, n^-/|| L2(r) < IT ^, 

and provided (3.94) holds, (3.95), (3.96) are satisfied. It then follows by (1.44) that 

(3.97) IKl-aj^lUnn^r) <c # , 

where 

(3.98) 

c* = Cdistfr.roll^lli^fcxrextjII^^U-CCX^olKl - C , t ,ff) _1 || L p ( r)||(l - C„*) _1 |U 2 (r) 

x ||(1 - a 2 r 1 ||! 2(r) ||« 2 ||l o (r) ||^||^ (r) (l + \\v H 7|| L2(r) ) 2 (l + \\v 2 - I\\ LHr) ) 2 

11 1 111/ A 

- c dist(r,r')— — r— — r n _ „\3+5B T\ _ „wi _ „\2 n _ ^2 1 



(i - P )i (i - P )i (1 - p) 3 + 5 ^ (1 - P ) (1 - p) 2 (1 - p) 2 V (i - p) 3/2 

x (1 + A) 2 

(1 + A) 4 
- c dist(r,r') ^ - p ) 12+5/3' 

where Cdist(r.r') depends on the distance 3r between T and V . By (2.14), c dist (r !r /) = ^ 3 /2+i/ P , provided 
^ < 1. Choose 
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where the constant c may be taken as the minimum of 1 and the constant on the RHS of (3.94). Then 
certainly Z < 7 < 1, and we obtain the bound 



mnm un r \-H < C ^ 1 + A ) 4 f ( 1 + A ) 2 V + " 

Cp (l + A) 7 +f 
(1 - p f +f+P' ' 

where [3' > 0. But then reversing the discussion preceding (3.69), (3.70), we obtain for 2 < p < 00, 

(3.101) ||(1 - C^Wrs^w < ^y^, , > 0. 
Using the formula 

(1 - a,)" 1 /. = [(1 - C ie )-\C-(h(v e - I)S+"'))]51' + h 
which follows from (1.13), (1.14), we obtain finally that for 2 < p < 00 

(3.102) ||(i - aj-Vro^ro < ^^L^, , > 0. 

By (3.3), we have 

(3-103) 11(1 - CdJ _1 ||l 2 (r)^l 2 (r) < 



l-p 

This completes the proof of (1.49) in the case that x = 0, for all ( e K. For general x 7^ 0, and zq — ^, 
let T Zo f(z) = f(z + zq). Then T Zo is an isometry from L P (R) onto L P (R) and a direct calculation shows that 
T ZQ o C„ e o T^ 1 = C VxQt9 where 



^o,e( 2 ) 



1-K(z)| 2 r Z0 (z)e"^ 
-r 2o (^)e' 



and r ZQ {z) = r(z + z )e ltz o . As r Zo e H{ (M) and ||r Zo || H1(R) = ||r|| ff i < A, ||r Zo \\ L oo {M) = \\r\\ L «,p) < p < 1, 
the general case now follows from the case a; = 0. Thus (3.102), (3.103) are true for all x,t € K. 

We can apply Riesz-Thorin interpolation to (3.102), (3.103). For any k > 1, 2 < p < 00, we find (denote 
the constant in the L 2 bound by c 2 ) 

— o^j ||lp(r)^lp(k) s - 



(l-p) 



(31+f +/3')«+(l-«) 



where £ = ^1 — |J ^1 — ^J. For example, for p = 4 which is a case of principal interest in [DZ5], given 
v > 0, we can choose (3' sufficiently small and k sufficiently large so that 

(3.io4) iKi-aj-w^ro < c y + y + r 

(1 - P ) 2 +" 

for some (very large) constant c' 4 , which should be compared with (3.102) for p = 4. 
Remark. 

In [DZ5], one needs a bound of the form ||(1 — C W() ) _1 ||z,p(]r)^i,p(]r) < c for all x € M and for all i > i , 
where the time to is large. This is a much simpler situation than considered in this paper: to prove this 
bound one still uses steepest descent methods, but the Conjugation Lemma 1.39 is not needed. We refer the 
reader to [DZ5] for the details. 
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